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v Circular Arc Helical Gears: Generation, Geometry, Precision

at and Adjustment to Errors, Computer Aided Simulation of Conditions
$ of Meshing and Bearing Contact.

&

& by Faydor L. Litvin

Professor of Mechanical Engineering
Member ASME

K Chung-Biau Tsay
4 Research Assistant
§ University of Illinois at Chicago, IL 60680

1. Introduction and Principles of Generation

:s Circular arc helical gears (Wildhaber - Novikov gears) have

i the following advantages over involute helical gears: (a) there

\; is reduced contacting stresses and (b) the conditions of

;é lubrication are better. The disadvantages of the circular arc

iﬁ helical gears are: (a) higer bending stresses, (b) the

] sensitivity to the change of center distance and {(c) a more

E# complicated shape of the tool. The bending stresses can be

;' reduced by appropriate proportions of tooth elements. The effect

#; of dislocation of the bearing contact due to the change of the

,; gear center distance can be reduced by appropriate relations

&? between the principal curvatures of the gears and may even be

f; compensated technologically. Circular arc gears can be

:S successfully applied in gear trains with limited weight. The

}i success of Westland Helicopter Co. which designed and

“{ manufactured these gears is the best evidence of this statement.

€3 The main advantages of the discussed gears-reduced

% contacting stresses and improved conditions of lubrication - are

;* the result of special conditions of the contact of gear tooth
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surfaces and their meshing. Surfaces of the gear teeth contact
each other at a point at every instant, instead of a line; the
relations between the principal curvatures of surfaces are free
of the limitations which exist for gears having line contact of
the surfaces; the point of contact (it is the center of the
contacting ellipse) moves over the surface along a helix, and it
is due to this motion of the contact point and a favorable
orientation of the contacting ellipse that the conditions of
lubrication are improved substantially.

Consider that shaoele and 22 are in contact at point M
(Fig. 1.1); 21 and 22 are the cross-sections of gear tooth

surfaces; the instantaneous angular velocity ratio is given by

(1) 0,1
m = W =
12 (2) 0,1
W

It is not excluded thatml2is not constant, thus My, = f(¢1) where
ar
doy

to zero if and only if the following equation is satisfied

¢1 is the angle of rotation of gear 1. The derivative is equal

Py = Py = Ap = tr

(py = 2)(py = 2) pi_g(pl+Ap)+_R2 rir,siny_

(1.1)

Here: Py = C2M, p1 = ClM where Cl and C2 are the centers of
curvatures of shanes 21 and 22, respectively; Ap = Py = pl;
L= IM:; ¥ = OlI and r, = 021: wcis the angle formed by the shapes

normal, n, and line m-m. Equation (1.1) results in that the

difference of curvature radii, Ap = Py ~ pl,dependsonrly rzlwd

£, and Py - Thus, 8p 1is not a free design parameter and we
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v,‘

cannot substantially reduce the contacting stress by minimizing
Ap. This obstacle can be overcome if the gears are designed

as helical gears and the gear tooth surfaces are in point
contact.

Consider that the difference of curvature radii, Ap,
provides optimal conditions for contacting stresses, but does
not satisfy equation (1.1). If the gear tooth surfaces would
be designed as spur or helical gears, whose surfaces are in
line contact, then such gears would not be able to transform
rotation with the constant angular velocity. But if the gears
are designed as helcial gears whose surfaces are in point con-
tact, then both requirements - the reduction of contacting
stresses and the constancy of gear ratio - can be achieved.

Fig. 1.2 a shows a gear tooth surface of a helical gear.
This surface may be generated by a planar curve I in its screw
motion about axis 0-0.

Consider two cross-section of the gear tooth surface formed
by cutting the surface by two planes, P1 and P2(Fig. 1.2a,b).

Shapes Z(l) and 2(2) lie in planes Py and P2, respectively. The
z(2) 2(1)

(1)

location and orientation of with respect to is deter-

mined by the axial displacement and rotation of I in its
screw motion while it generates the screw surface of the gear.

Z(l), the gear is at

We assume that in such a screw motion of
rest.

Now, consider that two helical gears are in mesh and their
screw surfaces contact each other at point M initially (Fig. 1.2

*
b). The shapes of gears 1 and 2 have a common normal n at M,

which passes through point I - the point of intersection of the
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. instantaneous axis of rotation I - I with the plane Pl. Shape 2(2)
? of the screw surface of gear 1 will come in contact with the
:\E corresponding shape of gear 2 if the qgears will he rotated
. through certain angles about their axes. For instance, shape 2(2)
E\i of gear 1 will come in tangency with the mating shape of gear 2
:Rﬁ if shape gz)takes the position of (3. This position can be
;?; reached if the gear with its screw surface (thus with the shapes
(1) (2), . . (3) (1)
o0y z and ') is rotated about axis 0-0. Shapes I and I have the
Eﬁp same orientation but lie in different plane P1 and P2,
e respectively. 1In the process of meshing of helical gears with
i&ﬁ the type of point contact described above, the gear tooth
:w; surfaces contact each other at every instant at a point along the
.}1 line ML, which is parallel to the axes of gear rotations. Line
i%& ML is the line of action of gear tooth surfaces.
E;ﬁ It is known that a screw surface of a helical gear may be
f;h generated by a cylindrical surface 2: whose generatrix are
Ei; parallel to plane 7 and form a certain angle with the gear axis
Do
;tf (Fig 1.3 a). Plane mis the tangent plane to the gear cylinder
ﬁg; of radius r. While the generating surfaceZC translates with
e plane n, with velocity v, the gear rotates with angular velocity
bii w, where w =v + r. Plane mand the cylinder of radius r are the
,,. axodes,
ﬁzi To generate gears having point contact of their surfaces, we

R have to use two generating cylindrical surfaces, z(l) and 2(2)
. c c

@
Y (Fig. 1.3 a), which contact each other along a straight line.
R
NP While plane 7 translates with velocity v, the gears rotate with
PN - L\
¢ - 1 : .
ot angular velocities, 1 ang m(z)respectlvely (Fig. 1.3 b).
g s
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We may imagine that surface 2;1) generates the screw surface

of gear 1, and Zéz) generates the screw surface 22 of gear 2.

The surfaces of helical gears, Zl andZ2 , will be in point
contact and their line of action will be the line ML (Fig 1.2
b).

(1)

We have to emphasize that surfaces Zc and Ei (i =1,2)

are in line contact and Zi is generated as an envelope of the

family surfaces Zc(” . Using two different generating

surfaces,zc(” and Zc(zh we may generate screw surfaces for
both helical gears with a point contact of the gear tooth
surfaces, and overcome the limitation of the difference of the
curvatures determined by equation (1.1). The described method of
generation is the key to the problem of synthesis of helical

gears with reduced contacting stresses.

2. Generating Surfaces

Fig. 2.1 shows the normal section of the space of rack
cutter F which generates the tooth of gear 1. The shapes of the
rack cutter for each of its sides represent two circular arcs
centered at CF and Cgﬁ, respectively. The circular arc of 4
(£) with center atC(f) '

radius Pr P generates the fillet surface of

the gear 1 while the circular arc of radius Pr with center at Cr

(F)

generates the working surface. Point Oa

lies in plane 7 (Figqg.
1.3).
Fig. 2.2 shows the normal section of the tooth of the rack

cutter P which generates the space of gear 2. The shape of the

rack cutter for each side represents two circular arcs centered
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(£)
at CP and CP , respectively, The circular arc of radius p;f)
(£)

with center at CP generates the fillet surface of gear 2
while the circular arc of radius Pp with center at Cp generates
the working surface,

The shapes of the mating rack cutters do not coincide;
rather they are in tangency at points M and M.

We may represent all four circular arcs in the coordinate
system Sa(xa,ya,za) by the same eguations

5« (1)

- . _ (1)_ _ _ (1) _ )
a = pi51n6i bi' Y= (picosei ai), z W= C (2.1)

Here: Py is the radius of the circular arc, a; and bi are
algebraic values which determine the location of the center of
the circular arc; ei is the variable parameter which determines
the location of a point on the circular arc (Bi is measured

clockwise from the negative axis ya); P is the diametral pitch
in the normal section; and wc is the pressure angle. The element
proportions of rack cutters hl' h2, h3 and h4 are expressed in
terms of the normal diametral pitch, P
It was mentioned above that equations {(2.1) represent all
four circular arcs - the shapes of both rack cutters. Thus

equations

(F) - (F) _ ; (F) _
X5 = fp 51n€F— bF’ A = —(pFCOSGF aF), z, =0 (2.2)

tepiesent the circular arc centered at CF (Fig. 2.1).

Knowing the normal section of the rack cutter, we may derive
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equations of the generating surface using the matrix form of

coordinate transformation. Consider that a rack cutter shape is

represented in the coordinate system Sél) (Fig. 2.3 b) while the

i . .
coordinate system S; ) translates along the line d:) OSJ
(1),
C ’

with

respect to S OCOa = u, is a variable parameter. Using the

1

matrix equation

o - {1) &
[ (1) B r
Xa 1 0 0 0 xa.
(i) o . (1)
yc‘ ) sini, cosAi uicos)\i ya (2.3)
zél) 0 ~cos\ ., sin)x. wu,sin). z(1)
i i i i a
L1 ] Lo 0 0 1 IR
we obtain (i = F, P)
(1) .
x?‘) = pismei-bi
i
y?') = —(picosei-ai)sin)\i + uicos)\i (2.4)
i
z_ = (Dicosei- ai)coski + uis1n>\i

In the derivation of equations (2.4), we assumed that ai> 0 and

bi > 0. The unit normal to the rack cutter surface is given by

the equations

(i) I‘J(i) (i) ?r(i) Br(i)

i ~c i T c ~C

n = ———— | N = T X =T (2.5)
.C §(l), ~C 861 Bul

Equations (2.4) and (2.5) yield

sine1
(2.6)

(1), _ .
[nc = -coselsn))\1

COSelcosk1
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(F) (P) (F&
Consider that coordinate systems Sc and Sc coincide. Surfaces Zc-
(P)

and Zc will be in tangency if the following equations are

satisfied

(F) (P) (F) (P) (F) (P)

X T X ¥ T Y o % T % (2.7)
(F) (P) (F) (P) (F) (P)

n = n . N = n n = n (2.8)
XcC XC yc yc zC zC

Equations (2.4), (2.6), (2.7) and (2.8) yield that surfaces Zp

and Xp are in tangency along a straight line a-a (Fig. 1.3, a) if

the following conditions are satisfied.

(oP - oF)coswc =ap - a

Here: V_ is the pressure angle.

The normal sections of the gear teeth do not coincide with

the corresponding normal sections of the rack cutters.

Neglecting this difference we may identify the normal sections of

gear teeth with the normal sections of rack cutters. The shapes
of the gear teeth in the normal section are shown in Fig. 2.4.
These shapes are in tangency at »0oints Ij; and !Ms. Considering the
two sides of the teeth, we have to consider two pairs of
surfaces, ZF and ZP. Each pair of these surfaces is in tangency
along a straight line a-a (Fig. 1.3 a) and point Mi(i = 1,2)
lies on a-a. The shape normals at M, and M_ pass through point

1 2
I which lies on the instantaneous axis of rotation and coincides

14
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= , . (F) (P) . o

. with the origins %1 and %a for the position shown in Fig. 2.1
\

L)
vy and Fig. 2.2

)

o

" 3 Tooth Surfaces of Gear 1 and Gear 2

¢
‘ff We set up three coordinate systems: Sc and S1 rigidly

-,

ﬁ{ connected to the rack cutter and gear 1, respectively, and the
R

l\ fixed coordinate system Sf (Fig, 3.1, a). Note that in Fig. 3.1
iﬁ a, the fixed coordinate system Sf coincides with the auxiliary
o coordinate system Sh.
. The derivation of the gear tooth surface Zlis based on the
3$ following considerations: (Here erepresents gear 1 tooth

o

- surface, see also Appendix I)
Py

* The line of contact of the generating surface chith the
.

aj gear tooth surface Zl may be determined in the coordinate system
a':
;L; Sc by using the following equations:
‘:\

- 1

ﬁl Ie = fc(ui' 6; ) e c

< viel) = gy ) = 0 (3.1)
i‘- e YC i'ell¢1 .
2

N
;*: Here: rc(ui, ei) is the vector function which represents in the
L ~
v coordinate system Sc' the generating surface; NC is the normal
(h ~
cl)

%g to the generating surface; and V. is the relative velocity.
ﬁj The subscript "c" designates that the vector components are
-
:ti represented in the coordinate system SC. In the case of
-@;

transformation of motions represented in Fiq. 3.1 a, the axodes

--
e
-

ra
v
’.-

k)

are the plane 1 and the cylinder of radius ry,and I-I is the

-

M) instantaneous axis of rotation in relative motion. We may derive

V'P ;"f
) 5
A:’ ¢
N ¢
W L6 f
o

O3 M
‘e
.
RiE
.
P4, v,
I'l
NI T
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ol the equation of meshing as follows:
WIS
LA
4
R Xe=Xe = Yo-¥o = 2Z.-2. (3.2)
N N N
e XC ycC zC
o Equation (3.2) expresses that the normal to surfaces ¢, and Zl
<
3 at their points of contact intersects the instantaneous axis of
© )
N rotation, I-I. Here
B
]
‘N
]
i l.‘ = () = =
XC ’ YC rl ¢>1, Zc £
N
S
jtj are the coordinates of I-1.
o
*? Equations (3.2), (2.4) and (2.6) yield
"
N2
>
. _ _ . , + . -
T:;f (r1¢l chos)\F aF51n>\F)51n6F choserm)\F
24
5, f = 0 .
F(UF,GF,¢1 ) (3.3)
“,’::.
- : i
N (ci) (ci) _
AR Here: X =-b_, Y = a are the coordinates of center CF
el a F a
N (Fig. 2.1)
J
S The equation of meshing (3.3) and equations (2.4) of the
SR
R o -
A0 generating surface Zc , considered simultaneously, represent a
Ko .
S
' line on surface Zc(line LF) which is the line of contact of ZC
¢ and -, . The location of this line on L depends on the parameter
%? of motion¢l . In the case of bF = 0 equation (3.3) vields that
@
A 4, = inX
u S 00 Wi sttt 3 (3.4)
o F cos ) ‘
;f for any fp :
v Thus the line of contact is a circle of radius (o (Fig. 3.2 a).
2 :
N
1 'b
y ¢ X
pé o
B s s 0y o 2 o S AR I S S Gt e R R
4.,:‘....“'.'“ o0 O 'A.. in/ ottt "‘ AN -". O L S,
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Fig. 3.2 b shows the contact lines for the case with b_# 0. 1t

results from equation (3.3) that

uF = chotGFtanAF +

The contact lines approach infinity as eF approaches zero.

Surface Zl may be determined with the family of contact

lines represented in the coordinate system Sl' Using the matrix

equation

[#1c] [r(:)] - [”M][“fc][r(?] -

cos¢1 —sin¢1 0

rl(COS¢1 + ¢1 Sin¢1)

sin¢l cos¢>1 0 rl(sin¢1 - ¢l cos¢1)

0 0 1 0

) 0 0 1

and equations (2.4) and (3.4), we obtain

i - b_ +
(stmeF F rl)cosq>1

(choseF b coteF)sin¢1sinAF

F

. N .
(pF51neF bF rl)51n¢l

(choseF - choteF)cos¢151nAF,

ap
cosb_cos i -
DF F

£ cosAF + chotBFtanAF51nXF + r1¢1tanAF

Fquations (3.6) represent the tooth surfaces of gear 1 with

-

2 k4] AP |

surface coordinates OF and ¢1.

To get the normal section of this

R I AT '.:;-.\\‘_\:_-::-\.
o N N N e o

ey




surface, we have to cut the gear tooth surface by the plane which

is drawn through the axis Xy perpendicular to the tooth direc-
tion in plane w (Fig. 1.3, a) The cutting plane is represented
in the coordinate system 54 by the equation (Fig. 3.3)
- - (3.7)
y1 zltan)\F

Equations (3.6) and (3.7) considered simultaneously yield the

following relation between GF and ¢; .

A sind + B cosdé + D ¢ =E (3.8)
I 1 I 1 I1 I
Here
) pF51n6F - bF + r1 ,
Ap = sin>\F
By = —choseF + bIcotGF
2
oo tan AF (3.9)
I 1 s:LnAF
ap 2
E; = -pFCOSGF + 5 - choteFtan AF
cos AF

Considering that GF is given, we may determine ¢1 using equation
b
. . . F

(3.8). It is easy to verify that ¢1 = 0 with taneF = =
F

We may represent the normal section of Zl in the coordinate

* * * *
system S (x ,y ,z ), where
1 1 1 1

21
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* * * -

X{ T Xy, ¥y = ylcoskF + 2151nXF, z, = -yls1n>\F + zlcoskF W

§ (3.10) N
' o
.l -
Y o
v Ly
3 . . :
K Equations (3.7) and (3.10) yield X!
5

* * * 2, -

X; = Xy Y S 0, z, = cosAF (3.11) g

The sought-for normal section may now be represented by the Y

\

following equations: ;

':

. Y

A131n¢1 + Blcos¢1 + DI¢1 = E; .

Xl = 51nAF(AIcos¢>1 - B131n¢1) (3.12) :;

* .:,

- 0 5o

Y1 ¢

* = -E. + D b

21 S o *3

W9

<

Here Ai' BI and EI are functions of eF(see equations (3.9)). The e

* C . . '

x1 - axis is the axis of symmetry of the normal section. ‘4

Equations similar to (3.12) can be used for the deter- 4

O

()

mination of the normal section of the "fillet"” surface, but we -

. (£) 05y (3) (£) v

have to substltutepF ,eF ,bF and ap by PR v eF . bF and agp s 8

~ -

respectively (Fig. 2.4 and Fig. 2.1). The circular arc DE “

~

represents the fillet of the rack cutter in the normal section, :

points D and E are the points of tangency of this circular arc ;

with the upper and lower parts of the shapve of the rack cutter \
(Fig. 2.1).
Equations (3.12) are of a general nature and they can be

used for all cases of the generation of gear 1 with a rack cutter
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having the shape of a circular arc. 1In particular, these

; equations may be used in the case of generation of the "fillet"
oY
jj: surface of involute gears.

: Similarly, we can derive equations of the tooth surface of
'-J

,% gear 2. The equation of meshing of the rack cutter P and gear 2
52 is given by

g . . .

368 r - u cosk - a_sind_)sin6_ + b_cosf_sinx_ =

(£393 = upeoshy, = agsind,)sinb, + b cosb sink,

: £ (u_, 6_, = 0 3.13
plipr Fpr 92 ( )
2
o (P)

- The line of contact of Zc and 22 is represented in Sc by
™y

M equations
:: (P)

.\ e ppSlneP - by
}: (P) -{p,cos6 - a_)sini, + b_cotf_sini
‘ Ye P p- %p 2 2 2 P

o —apsind, + ro¢, (3.14)
= (P) A P 4 bocoto_tami_sin\_+ tana
$_ z, = chosepcos P " Gosx pcotéptaniysind, r2¢2 anip
\:

. The coordinate transformation from Sép)to S, is represented by
ﬁg the following matrix equation (Fig. 3.1 b):

‘-_"

- - (P)] -
3 (2] = [ap e (")

“ _ _ Tr )
= . _ (P)

;‘ cos¢2 51n¢2 0 0 W 1 0 0 r, X?P)

'3; —sin¢2 cosg,, 0 0 0 1 0 “ry9, Yo _
5 0 0 10 o o0 1 0 2P

o

. L o 0 0 1| [0 0 0 1 4l

_\

e

o

- 24
)

. s |

N .

&
~

w e
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LYY @

Pre

, _ . o r . (P)
cos¢2 51n¢2 0 rz(cos¢>2 + ¢251n¢2) X o T
s . _ (P)
‘ sing, cos¢, 0 r2(sm¢2 ¢2cos¢2) Y.
: 0 0 1 0 2 (%) |(3.15)
0 0 0 1 1
- ] L .

Equations (3.15) and (3.14) yield

X, = (pP51n8P - bP - rz)cos¢2

- (ppcoseP - b cotep)smc:o2 sinxg

P
(3.16)
v, = —(pP51n8P- b, - r2)51n¢>2
—(chosep— chotBP)cos¢2 51n>\P
3 ap
. = - — 4+ i +
z, ppcosepcosxP cosAP choteP51nAPtanAP r2¢2 tan)\P

-
U -

We will determine the normal section of 22 by cutting the gear

o Sl M

AL Nt Y

RSN al v

Ol

LAY N

tooth surface by the same plane as we cut Zl. Considering
simul taneously equation (3.16) with the equation
y, = —zztan}\P (3.17)
we get
. _ .18
A1151n¢2 + BIIcos¢2 + DII¢2 EII (3.18)
Here:
‘
o«
y
v 25
_-.. -<-~‘.\;‘
. S )t e L.

Falit LAt
e e e Y

S B DTN DS R AT




2 pP51n8P- bP- r2

O Ar= - sink

= - +
RO BII choseP bP coteP

2 (3.19)
Lo tan AP

':' x = T, ———
W II 2 51n>\P

: a
‘J = - P _ 2
EII_ choseP + coszx chotBPtan AP
P

o we may represent the sought-for normal section,in the coordinate

* * * *x
P system 82(x2' Yor Z, ), whose orientation with respect to 52 is

*
K similar to the orientation of S1 with respect to Sl(Fig. 3.3).

Ny Using equations

. * * * Z9
\ X, = X =0, z, =

2 2! V2 = (3-20)

o which are similar to equations (3.11), we may represent the

,gj normal section of 82 as follows

A sin¢2 + B

I 11608%y + D19, = Eqq

b

- i i 3.21
( AIIcos¢>2 + B 51n¢2)51nk ( )

II P

=0

=-BErr+ D11%)

,l.
.<
RN kN0 o+ H

z

N Equations similar to (3.21) represent the normal section of

g the "fillet" surface. To derive these equations, we have to sub-

: (£) o ()

; (£) (f). }
stitute Ppr GP” bpand ap by Pp bP , and ap 'in equations

4

(3.19). The normal section of the "fillet" surface of the rack

e 26 ;
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cutter P is represented in Fig. 2.2.

4 Principal Curvatures and Directions of Gear Tooth Surfaces

The principal curvatures and directions of two contacting
surfaces are necessary to define the size and direction of the
contact ellipse at the contact point. If the relations between
the principal curvatures and directions of two surfaces which
are in mesh are known, the solution of this problem can be signi-
ficantly simplified. Such relations were worked out first by Dr.
F. L. Litvin.

Step 1: Principal curvatures and directions of the

generating surfaces ZF and ZP

The rack cutter surface ZF and Ep and their unit normals are
represented in the coordinate system SC by equations (2.4) and
(2.6), respectively. The principal curvatures and directions for

a given surface may be obtained by using Rodrigues’ equation [5]:

‘1,119 T TN (4.1

Here: KI 1 are the principal curvatures; Vi is relative
r

velocity of the point of contact in its motion over the surface,

and br is the velocity of the tip of the unit normal in the above

motion. FEquations (2.4) and (2.6) yield the following

expressions for the principal directions and curvatures:

2
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e
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e

AR

i

e
's'r,v,-’
LY
s N |

SRR

L]

s

°
N0

F &S

v
S5

14N

o

.
Sl

[ =
4
X

T T T T—" ve——

4 (1) cos8
u. . \%4
i _ (1) _ ~xrI _ : . (1) _ _ 1
(1 3¢ =0 i B ES TR IR F R KR o;
~rI .
-s1neicos>\i
(i = F, P) (4.2)
. 0
(1) .
ds. . v (1)
i _ (1) _  ~rIXI_ - =
(2) dt - OI }II - (l) At Cosxi ’ KII 0' (1 F' P)
Verrl| sinai (4.3)

Subscripts I and II designate the

curvatures; the unit vectors i§l)

coordinate system Sc but they are

system S_ by the same matrices,

f

be considered as the unit vectors of axes y, and z_ of the

coordinate system St which is riqidly connected to the rack

cutter surfaces, ZF

t

and ZP along their line of tangency, axis Z,. Centers CF and

Cp are the centers of the principal curvatures «

(Fig. 4.1 c¢).

The column matrices [ig}H and
using the matrix [Lft] which represents the transformation of

direction cosines in transition from st to Sf. Using the drawings

of Fig. 4.1 ¢, Fig. 2.3 and Fiqg.

The above unit vectors may also

andzP (Fig. 4.1).

X, - axis coincides with the common unit normal to surfaces ZF

two principal directions and

; (1)
and iy

represented in the coordinate

are given in the

t

The unit vector of the

(r)

(P)
1 and KI

(1)

[i'] may be also derived by

3.1, we obtain
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‘
ey
ot [ .
e.. snxei cosei 0 0
= had St. s 1 i =
) isini . 51n6151n>\i cos)\i . [11 ] [Lft] 1 .
cosf .cos)\ ., ~s5in€ _ cos), sini, 0
o | 1 1 1 1J
\‘_:
e
AN 0
W (i)
. 11 ] 7 | Lee 0
o
\'
where: 1 = F, P and
\~*1
3
'.- ei is the pressure angle (FIg. 4.1 «c¢)
hA
e
"' Step 2: Principal curvatures and directions of L.
.._J' We may determine the principal curvatures and directions of Ly
by using the following equations:
- (1)
o tan 20(F1)_ _2E (4.5)
5, Y] (F) _ b((I-“) + G(l)
J "I ‘11 ;
NN 1 1 F F 1 J
::: r( )+ AU )+ J y, S( ) (4.6) .
po: I II I II :
& (E) () (1) f
¢ (1) (1) 1~ 11 * 6
n [ - K = (F1) (4.7) ¢
Y I 11 cos 20 :
\-‘, ]
.0 1) (1) '
o A1) "531 432 (4.8) 3
o b(1)+ (V(Fl) (F))a(l) (V(Flz (F)) (1)
O 11 M
. _ ¢
a3 S0 [8‘31)]2 (232 (4.9) :
e 1,_)(1)+ (v (Fl) (F)) a(l) + (v (Fl)l(F))a(l)
:-_;- ~ i1 31 ~ = SII '932
' L
LW 2 (1)
' - (1)] +([?) (]2) (1) ( ( (4.10)
A = F F F1) . (F)Y, (1) )
3 SR A e T A LT -
2% ‘
Wy 30 4
M )
Y 2
: -, ~ A AR \'v.-.-.'::
b R:.“_ R SR _'-.‘-'..:‘ . ",_ N \’ _,‘-\.‘-\._\_'_\-- \_ '_\ L _r'-_‘ 'h-‘ ‘..:-‘.. .'&_"'\1 ‘..'\_..."1 2 o '\-.":-"n‘.-..ﬂ. e
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3 Ky <1 ) (4.11)
a3(‘1?) = ?(F) \W(Fl) }1(1;) - KI“;) (Y(Fl)'i(fi ) (4.12)
bél) - [éF) 31) gfi] _[nﬁﬁ tﬂﬁ Y%l] (4.13)
All the vectors of eqguations (4.5) - (4.13) are represented in
the coordinate system Sf and the coordinate system Sh coincides
with Sf (Fig. 3.1); [9) and Kii) are the principal curvatures of
:I,CJFI) is the angle which is formed by vectors i?ﬂ and igy
where i?J is the unit vector for the principal direction I(l) on
surface Zl;#§F) = - Ei and réi) = 0 are the principal curvatures

of:F . Let us derive the following auxiliary equations

0
;(Fl) - !F) _ :(1) - _%}1) =0 (4.14)
(1)
Vector JF) = 0 because the rack cutter performs translational
motion (Fig. 3.1 a)
[gﬁ :ﬂl)i(ﬂj - —wu)sian (4.15)
[éF) g(Fl) E;i)] = -m(l) sinchos)\F (4.16)

The point of contact of surfaces Zl and 22 lies on a straiqght

line which passes through the point whose coordinates are given

by

31

e
i‘l 'l .‘ 3—})

e - -

COTOOE |




= i - + . '7
xf stxneF bF r (4.17)
(1)
Ye = - @F cosep— choteF)smAF (4.18)
él) = . COSsb6_.cosi_ - °F + b _cot6_tani_sini_, + r.,¢,tan)
f *F F F cOosA F F F F 171 F

F
(4.19)

Here %F = 6P= & is the pressure angle at the point of contact of

surfaces Zl and 22. Fquations (4.17) - (4.19) may be derived

from eguations (1.9) with by T 0 taking into account that the
coordinate system Sh coincides with Sf. The transfer velocity

of the rack cutter is (Fig. 3.1, a):

0
!
Yt(i) - _W(I)rl (4.20)
0 t
»
‘
The transfer velocity of a point of gear 1 is given by .
h
(1) h
f ()
(1) . (1) 1Y o (D] (D) ‘
Ytr b X ~f it xf =
0 g
cosf_- b_cotg _)sin
(1) (e cOSBE™ bpootoy M ,
A -5 - b 4 (4.21) N\
S cpsintp = bp * 1y X
- .
}: 0 v
-. L _J .
‘\-: .
N ’
v 32 o
" ‘
L ]
PR~ 1 ]
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The sliding velocity is given by

Fl F
v( ) = Y( ) v(l) = w(l) (choseF - choteF)sinAF (4.22)

pFSInGF - bF

0

Thus, we ohtain (see equations (4.21), (4.2) and (4.3)):

(F1) (F) (1) / bp .
v, i = pF-sinGF 51an (4.23)
GJEL () Lo Pe N (4.24)
~ e III B "F  sinb F F )

Using equations (4.11), (4.12), (4.15), (4.16), (4.23), (4.24)

(4.2), and (4.3), we obtain

(1) (1) bFsinAF

a.,,=~. _— (4.25)
31 pF51n6F
(1) (1) ] .
a32 = -u s1nchos)\F (4.26)
llsing equations (4.13), (2.6), (4.20) and (4.21), we get
(1) / 2
=- (. i 4.27
b3 \ ) r151neF (4. )
) ) ] (1) (1) (1)
We may now derive the final exnressions for F s, G and S as
follows :
b
(1) :;51nAFcoskF
= - 4,28
F a ( )

1
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o

b

. re
\ o
~ 2 ::'-
4 9 s,
b [bFSlnAF } "
b (1) £.sinb sin“6_.cos‘A -
G = - LUF F F F (4.29) .

A E

s 1 ”
L o
Y . 2 o
EE 51an , , r:

3 (1) pF sineF *sin chos AF .
s = - (4.30) ™

A

1 "

Here 27

. 4_
P b b_sin®) ]
. . _°F F F . 2 2 .

Al rls1neF+ [CF sineF][stineF + sin chos AF} (4.31) "

Fquations (4.5) - (4.7) and (4.25) - (4.31) determine the

D .'.
“ principal curvatures and directions of surface I, at the point ‘:
of contact of surfaces Zl andz2 . FJ
. .
:. C
- 1O
- Step 3: Principal curvatures and directions of 22 ';
(P)
g The principal curvatures of the rack cutter ZP are: K1 = -El— ’ }‘
p P :
- Kli) = 0; the principal directions of Zp are the same as of EF; gt
v
g Using similar derivations, we obtain g'
- o T
- (P2)
L .= o (4.32) ﬁl‘,
o - ,-
: ~(2 3
)
[ (P)  (P2) (P)] (2) (P) (F) o
i = i n =n * g
n w i siniy <~ n > (4.33) Ez
L i 2
- ‘e
; [ (p) (P2) (P) (2) R,
n . irg = 51n6pcosAP (4.34) ‘
(2)
X ¢ = opsxnep— bP - ry,+cC (4.35)
(2) .
V¢ = -(ppcosep— bpcotep)s1nAP (4.36)
34
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PPN

N (P) =1
. ~tr bt

(2) Q(Z)
Ver ~

‘ g (P2 ()

, (P2) (P)
; v g

v (P2)

-~ .

. (P) _
11

PN

- (2) (P)

Pl
»

e e

(2) (P)
az; T | 1

Y 3

-------

s @

o
1}

w

-~

cosepcosAP-

r(2)

It

I

~tr

_ @ _ bp
°p ~ Sins

' b
(2) - P . (P)_
-w <pP Y >51n8PcosAp, (i irr=

(P2)

(P2)

(P) (P) (P} (2) _<
Ytr - P 9 Ytr T\

a
P .
+
cosAP bpcot6P51nAPtanAP

+ r.,qb.,tanAP

(4.37)

(4.38)

(2)
Ve

pox @ o ()

~

-x(f‘?)+ C (4.39)

(2) _ .
w (choseI> choteP)51nxP
pP51neP - bP
0

(4.40)

. (P)_ . (F)
>51nkp, (%I = EI ) (4.41)

(F)
II)
(4.42)
b 51nk

(2) p
pP51n6P

(4.43)

~ I .

~

(P) (P) (P2) (P)
i - K7 (y i )

(P) (P) (P2)  (P) (2)
iy |- K:H(V . EII = smepcosxP

(4.44)

2
(2)
y>rzsxnep(4.45)
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(2) _(2)
p(2) 431 232
- (2) (P2) . (P) (2) (P2) -(P)> (2)
byl + (v 4] )‘331 * (Y . 1117)23;
Pp (4.46)
—— -~ sinl_.cosAX g
_ P p P
A, X
sinx
] P p . 2 2
J2) <a31)> - <a§2)> <0P51n6P A
= - 2 = -
(w(2)> . A, (4.47)
2 2 5 stinAP 2 2
2 . i
I e B i
)
Here A A, (4.48)
A . bP stinz)\ 2 2 (4.49) )
= r,sint_ - - i . ;
2 2 P Pp sinf, [\ pp siné, * sin"fpcostA, ’

The principal curvatures and directions of 22 are determined as

follows E
(P2) (2)
tan2 g =2fl’____ (4.50)
S SR )
Pp
(2) (2) _ _ 1 (2)
KI + KII = 5 + S {4.51)
P ’
1 .
- = (2)
[ + G
(2) (2) _ P
"1 T “11 T (P2) (4-52)
cos 20

Fxample 4.1: Principal Curvatures and Directions of Gear Tooth

Surfaces
. in. in. R
Given: The rack parameters Pp = 0.7 ,Pp = 0.775 (See ‘4

Fig. 2.1 and Fig. 2.2); the gear parameters: No. of teeth N, =

36
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12, N, = 94; lead angle XF = AP = 75°; nominal pressure angle

8 = 30°% normal diametral pitch Pn = 2;

(1) Pinion: By using equations (4.5) - (4.31) we obtain
A, = 1.70882, F1= —0.02549, 1= -0.05648, s{!)= -0.07608,
principal direction O(Fl) = 0,98294° (Fig. 5.1), and two principal
curvatures: «iM)= -1.49529, 1) = —0.00036.

(2) Gear 2: By using equations (4.32) - (4.52), we obtain
A, = 11.98175, (?) = 0.00429, {2} = 0.01179, s{?)= 0.01458,
principal direction ¢(F2) = -0,19237° (See Fig. 5.1), and two
principal curvatures: ng) = -1,27715, K;f)= 0.00141.

5. Contacting Ellipse

The tangent plane to gear tooth surfaces is formed by axes vyt

. . (F,P) _(F,P)
and z, (Fig. 5.1 a). The unit vectors 1I and i I represent

~

the principal directions of surfaces ZF and EP of the rack

(F1)_ . ,(P2) (F,P) %

cutters. Angles © o , measured counter-clockwise from i1

determine the principal directions of gear tooth surfaces Zl and 22,

(1) (2)

respectively, with the unit vectors i and 1

I I
. L (1) (1) (2) (2)
Consider that the principal curvatures Kioe Kppr KT 91 “
of surfaces Z, and I, are known. Also known are angles O‘Fl) ando(ch
1 2 ]
We may then determine the dimensions of the axes of the e
“w

contacting ellipse with respect to the elastic approach of gear
tooth surfaces and the orientation of the contacting ellipse in
the tangent plane T. The equations to be used are as follows
[5,6]):

2

1 [() . (2)
A - —4‘ [K,

v - (g2 - 2g.9.cos20 + q2 );
L ) 1 “1°2 72
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a

',

= 11 (2) 2 2 !s]
B = = - -
3 [KZ <y + (gl 2glg2c0520 + 95 )
{(5.1)
2] 2_|8
a A} ’ b ,E’ ’
sin 2a = gzsin 2¢0
cos 2a = gy - 9, cos 20
(1) (1) (1) (2) (2) (2) (1) (1)
Here: K}: = KI + KII ; Kz = K3 + K11 - gl =K1 - KITI
(2 (2) _ _(P2) (F1) . ;
9, = K - K 3 0=0 o ;i 6 is

the elastic approach of gear tooth surfaces;a and b are the axes
of the contacting ellipseando is the angle which determines the
orientation of contacting ellipse. Angle a is formed by the

n - axis and unit vector ?g) and measured counter-clockwise from
axis N to iél)(Fig. 5.1 b). Axes n and £ are directed along the
b- and a-axis of the contacting ellipse. The magnitudes of a and

b are expressed in terms of the elastic approach§ which can be

obtained from experiments or calculated.

Example 5.1: Dimension and Orientation of Contacting Ellipse

The nominal rack and gear parameters are the same as given

in Example 4.1. 1In Example 4.1, we found O(Fl)

(n2) _

= 0.98294°,
c -0.19237°; the two principal curvatures for pinion

surface Zl are K(1)= 1.49529 and K{%)= -0.00936, and two
(2)_

nrincipal curvatures for gear surface 22 are K -1.27715 and
xéi) = 0.00141. By substituting these values into equation

(5.1), we obtain A = 0.1110, B = 0.0035, a = 3.0026,

b = 16.9158¢ and a = B82.9392°,




6 Velocity of Motion of the Contacting Ellipse Over Gear

Tooth Surface

The velocity of motion of the symmetry center of the
contacting ellipse over surface I, is represented by the

following eguations [5,6]:

aj1X) * a1p¥%, = by
ay1¥, * apy%; = by (6.1)
ajX; + a3pX; = by
Here:
(), 1,2 ,
a;; = =% + Z(KZ + g2c0520),

a;, = a2f=%g231n20
- _«(1) 1 (2) _
aj, = =%ip *t 3 (%5 g2c0520)

aj, =[n(1)w(12) éélq - K{1)(‘!(12), éil))

-~ ~

a [n(l)m(12) i(lq - K{i)(Y(IZ), 1 (1)

32 ~ ~ ~II ~II

o |

(2)

‘”J”’Qﬂ—lw“”-*hng+gf%m)

2 'Y iy

[

~

TR
b, =[2(1)9(12) i ]- g2 (M) sin20
- 112 1) D) g cos20)
[ (2) (D] _ (1) (1)_(2)
P3 '[P “ er ] [? @ Ver ]

(2)_ _(2), (2). (2 (2)
B “1 “11

11 ‘92 7 =

g

Z L), (1) _ L1, (1) o

1 = Y 1 %= Yy 111 NS
. , g
vél)and <£i)(i = 1,2) are the principal curvatures of surface ~
s

Zi: ¢ is the angle formed by the unit vectors i{l) and 5{2L ?F
4C (Q
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S
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2
and measured counter-clockwise from 1£ ) to i( ) i 5.1
(1) (2)
11

and 1I represent the principal directions of surfaces El

1y (Fig. a);

and 22. n is the unit normal to the contacting surfaces

represented in the coordinate system S_. by equations (I1.2); &(l)
f &

o 12
and W ) are the angular velocities of gear 1 and 2,w (12)

w _ @ Q)

“ “ P Ver is the transfer velocity of the contacting

Here: v(l)

ellipse in the transfer motion, with gear i (i = 1,2) Vier

@ @)y @(Z)x (1) (2) )

(1) .
= re P Ver = @ re +cx g where rs is the

-~

position vector of the point contact represented by equations (4.17)

(4.19); ¢ = (r + r_) i; v(lz) (1) - (2) is the sliding
= 1 2 ~ tr ~tr

velocity. Considering the coordinate system Sf , we have

LN A

pF51n6F - bF + r1

-(OFCOSSF - chotGF)s1n)\F

agp .
chosﬁFcosAF Y + choteFtanXFs1nAF +

- - - p
Fig W oV WS A E W S N R

r1¢1tanAF

(6.2)

s i

&

(6.3)

(1) (1)
v = w

~tr(f) ~

(2)
= w Xxr

~

XN SR P 2

Fr IO
LLATRERF AR

.‘-'._..'u-") _(.*1 ,.__‘ .‘n

=r .



(12)

S @)

_f ~tr(f) ~tr(f)
yél) (1 + my,)
= “(1) -xél) (1 + m21) + my1C
0 (6.7)
L i
0
(12)_ (1 _ (2 (1)

c,f = uf (Af = 0

-(1 + m21) (6.8)

s1n6F
(1) _|_ .
Ne = coseFSJ.n}\F
coschosAF (6.9)
Using coordinate transformation, we can transform %él), %éz),

(1) (2)
v ¢ Ver

~tr(g) (£)
Sg to Sq by using Fig. 2.3, Fig. 3.1, Fig. 4.1 ¢ and Fig. 6.1

L1202 (1)

¢ Vg ' wE , and nq from coordinate system

We obtain:

[ra]) = [25e] o] [2ac] ]

sineF -—sin).F coseF cosOF coahr
(P, . F,1 . . .
x| cosfcoss §in6coso ( )sanF + s5ino (F’l)cosAF —sanFcosc(F'l&osAr&sino(F'lgin)\r
.o~ (F, 1) . : (F,1) . (F,1) . . F,1
osEFsmy -51nerxnc sanF + coso cos)‘F 51n9stnc( ’ EOSXF*COSO(F’lginAF

(6.10)

a.



(a)

(b)

1

Fig. b

T
~'.\(‘ '-'"-'-f-

b

-




A [ (4]

cosAF
(F,1)

coseF
(1) (F,1)

= - -si oso cosi, + si inA
w 51nch S F sino sin F

(F,1) (F,1)

sinf._.sing
infpsin

' [l [67)

coschosAF
(F, 1)

cos)\F + coso 51nAF

-"';., s el g,
YA  ARSUOON

TR
P

’(1) -sinBFcoso (F,1)

21+

= m cosxF + sino 51nAF
(F,1)

(F,1) :
cos)\F + coso 51nkF

sinb_sino
in8psin

(1 _ (1)
Yer(g) = [qu] [Vtr(f)]

(1)
f

, »‘
ot T

gy
ho

yél)sineF + x sinAFcoseF

’
AN

U}
3
-

(F,1) (F. 1) cosn

yél)coschosc(F'l)-féqsinchoso sindp + sino

P
[SENEN

[4
e

(F, 1) _ (F,1) (F,1) oen

-yél)coserino Qg“-sinerinc sink; + coso f

- (6.17

Yéiiq) = [qu] [véiifﬁ

—yf(l)sineF - (xél)- c)sin)\FcoseF

(F,1)+ (Xf(l)‘ c) {sinGFCOSO

i
L)
¢
.

%

1 "‘l"'.yv.‘l. ‘*l"'l"

4
v

3

(1) (F,1) _. . (F,1)
~Y¢ cosSFcoso ! s:.nAF + sino cosXF}

-~
Pl
[

(F,1)

yél)coserinc(F’1)+ (xél)— c){-sinerino(F’l)sinAF+ coso cosApf
.14
L12) (e (6.14)
g qf bd
Yél)(l + m,,)sinbp - {-xélkl +my ) 4+ m,,c} sinigcosby
(F,1)

)

Y

—

A A

(IR SRR Iae T

¥,1)

I(,I‘I'I'I"F

. . (F,1
51nAF+51no EosxF)

(F'nsian+coséF’1%oskF)

1) .
+{—xé (1-+m21)-+m21c}@1n6Fcoso

[

yél)(l + m21)coschosc
(F,1)

oy

-yél)(l + n,,)cos8sin +1_X?J(1 +my) +my cl-sinfsino

L (6.15) i

%
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R

4-. LA ®. .J.'J‘.)"'.:’J'. ;

v




L (12) _ [qu][‘“ém)]

(1 + m21)cosepcos>\F
(F,1) (F,1)

(1 + m21)(-—sin6Fcoso c:os)\F + sing

F/
. . (F,1 F,1) .
(1 + m21)(sm6Fs1no( )cosAF + coso( )smAF)

sin)

(1)

Also, we may represent the unit vectors iI

(1)

and iII of the principal:

directions of surface):1 in coordinate system Sq as follows:(Pig-G-lb):T

! ’
L SAXA

)
X

Lo

s

- =
LY

[P(l)%(lz) gl)]= f‘(l)' (@(12)x ~iI(l)) = _wz(é2)

(F,1) (F,1)

sinAF)
(6.20)

_ (1) - . .
= W (1 + m21)(51n6F51n0 cos)\F + cosgo

- ~1I

[P(l) L(12) i(l)]= r1(1.) ((2(12) X -(1) ) = 012

b

_ _ (1) et wn (Fs1) cinem Frl)gs
= =0 (1 + mzl)( s1nchoao cosXF4-91no 51nXF)

oL &

(6.21)
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VTR T RTTRITTE

N
N
;S# [Y(l%) ;;1)]3 *(1){[-xél)(1 + m21)+ mzlc][sin&Fcosc(F’l)51an+-sins“”l'cosXF]
Ko
\I
(1) (F,1)
* Y (1 + m21)cos€Fcosc } (6.22)
Z) . L .
v(l.) }é%)]= ,}1){[-xé1}1 + Myp) + myy c][—51ncF51ncF'lglnkF-tcoscﬂylkoslyj
_ o) cn (F, 1)
Ye (1 + m21)coseF51no } (6.23)
1y (2 (1) _ (), (2) t1)
[i‘ = Ytr] g " leq X Ver(g)!
= (1)) 2 (1) . (1) _. .
= m21(m ) [—yf cosbosini + xg 51nJF]
(6.24)
(1) (1) _(2)]= . L(l) (2)
[rf > Ytr] O " (g X Yer(q))
- A1y 2 _ (1) . (1) _ .
= m21<g > [-Ye cosbpsind. + (xg c)51nEF]
(6.25)
An easier method o©f deriving equations (6.20) - (6.25) is to
consider the tangent plane in Fic. 4.la and the twc unit
vectors }&l) and }gﬂ)along the two principal directions of gear
surface Zl.
. ) . (1) . (1) .
The projections of i and i1 along axis X¢r Yy and Z, are
expressed as:
0
i(l) = coso(F’l) 6.26
I1t (6.26)
sino(F'l)
0
(1)
. Aow: (F,1) -
1;7¢ =|-sino (6.27)
(F,1)
coso

46




using the matrix transformation of direction cosines in transition

from &, to 5. (Fig. 4.1 «c¢), we obtain

f

[Lft] =[Lfc] [L ca] [L at]
sineF coseF 0
= - ; i i 6.28)
coserm)\F smerme cos>\F (

congcos )‘F —51nchos>\F s1n>\F

0
(1) o (F.1)
M [Lft] cos .
sinO(F' )
(F,1)
= c:os‘iF coscC
L (F,1) ) (F,1)
sin2psinj)pcoso + cosAFsmo (6.29)
n6 cns.si (F,l)+ in osO(F'l)
singpcosipsing sinx c
0
(1) N e (F,1)
111 = [Lft] sincC
coso(F’l)
=| -cos sinf’(F’l)
= cos i 8
: F,1
SO —sin‘»;;Fs'1n)‘f,qinc(F'1)~k cos),F(‘osc( ) (6.30)

sin»’,Fcos)‘,F51nc 4 sinipcosc

r‘-

v

v

A
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a
..

o~ 12y _ (1) _ _(2)
v Ver Ver (6.31)
.
sji = My rél) - AR E ) R w(2)]
N ~ ~ ~ ~f < <

Ny
f\:_'
it (1) (F)
", re = Medirg ) (6.32)
.\.1

‘\\.

:'. N _
e 1 0 0 . [ <7
? 1 C

- F

- _ 0 1 0 rl¢1 yé )

0 0 1 0 ,(F)
o .

‘.'\
NN | 0 0 0 1 1
- 1L |
ol
-::': DFS].neF— bF + rl
-"u .,
:n; = -(oFcoseF— ch%teF)51nXF
’ F )
g ppcost pcosiy —cosxF + bp cotbptanipsini, + r 9 tanip
= (6.33)
! Sy (),

~ ' : w o
W
o, (2) = -;p(z)k
Y N (1)
% = 1
.'-: mzlu k (6.34)
o (2) r

3 . = L

5 where: Mmsq 1) =

datb 2
- (1 - (L, (1)
Ytr w X Ef

5

N@ANANNS IO,

[s
Ll o,

(CFCOSGF- chotGF)smAF
(1)

PN NN WY
P
[en)

&«

=%
*’s
<
—_—
3]
~—
|

BerPe e w2 (6.36)
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by ] k i j k
0 0 w (2) c 0 o
+
(1) (1) (1) (2)

Xf zf 0 0 w
(1) i’
Yf ':
_ (1) (1) :
a1 £ ¢ !
0 ’
(12)_ (1) _ . (2) l:
M Yer Yer 3
(1) 2
I+ my)ve (6.37) &
_ (1) _ (1) <.
= . m21c (1 + mzl)xf By
0 4
&L
(12)_ (1) (2) A
e (A-/ .,'
0
(6.38
- () 0 ) .
- 1 + ™
( m21) :
(1) F N
ne = (ree] [n8] (6.39) 2
1 0 0 i ]
smeF :
=10 1 0 -cozserian &
0 0 1 cos&FcosxF

smeF

= ‘COSBFSIH)\F ‘
COSf_CcOs ) )
F F N
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s

['1(1)3‘(12)}1(1)] _ n(l.) (g(lz)x ~i:([1)
(1)
W

)
(F,1)

(1 + myy)[sinigcoso + sin6FcosAFsino(F'1)l (6.40)

~

[g(“ _(12) i‘”]=n”l (.12, 1)

~ 111 “ i1

_ e (F, 1), _. (F,1)
= (1 + m21)[ smAFcoso + s1nchos>\Fcoso ]
(6.41)
(12) . (1) _  (1)y (1) (F,1) (1)
vl = @ {yf (1 + m2l)coschoso + [m21c X g (1 + m21)]
(sinerinAFcosc(F’1)+ cosAFsino(F’D)} (6.42)
(12) (1) _ (1) g_ (1) . (F,1) _ A1)
vie i T { Ve (1 + m21)cosE}Fsmo +[m21c xf (1 + m21)
(F,1) . . . (F,1))
(cosé coso - sinf sinising | (6.43)
(1) (2) ()] _ (1), (2) (1)
[P =z Ytr] =n Ll * Ytr )
. R £
singp if Ef ~kf
= I_ : 1) ;
= |-cosgpsin)g 0 0 m21u‘
(1) (1) _ (1) (D)
cosercosAF W yf W xf 0
- (1) : (1) _ : (1)
= (=) mzl[smeFxf cos@.sini ye ] (6.44)
[n(l) ‘Ar(l)v(2)] - n(1) (@(l)x V(Z))
- = ~tr ~ . ~ ~tr
51n6F 1¢ ¢ 'ff
. ; - (1)
cosermA_F 0 0 n :
. _ (1) (1) (1) (1) _
cosefcos)\F WM Y o m21(xf c) 0
- (1) . (1) _ _ . (1)
(u, ) m21[51neF(xf c) cosel:,sm)\Fyf ]
(6.45) :
Comparing the expressions in equations (6.20) - (6.25) and (6.40)
- {(h.45) we obtained the same results. Substituting these
expressionns into equation (6.1), we get the coefficients a31, a32 j:
N
=~
A
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i bl’ b2 and b3. Equations (6.1) represent a system of three 7}
¥ .
o linear equations with two unknowns: o
o -
> (1), . (1) (1) . (1)

= . i = .i 6.46 ;
A X1 Vr 1 %5 Yr EII ( )

(1) .

where v is the velocity of motion over the gear tooth surface Zl' A
These equations provide a unigue solution for x1 and x _if the

following condition is observed [5,6]:

ﬂ:)-);,x',t_/‘/‘. ~ SR

N
i
aj a12 b1 :
21 %2 Py 0 (6.47) %
- azy 33, by ]
: 2
) g
.f It is assumed that surfaces Zl and22 are in point contact at IE
22 every instant. Using any two equations of the system equations -
~:' . 1 1 .:-,
N (6.1) we may determine X4 and X, and thus vé Yo (xgm+ xﬂfhz L
{ M
o An alternative method of deriving the relative velocity vél) 3
. ~ )
« A
- at the point of contact M is: 3
> Step 1 The point of contact of surface):l and Zzlies on a t
:j straight line which passes through the following 5
QYN L)
\.‘I
N equations:
®
-.‘. * g
- 3
- (ry _ . e
“3 X ¢ = yF51n%,— bF + ry 3
:: y(l) = -(ccosb.- b cotb_)sinA 3
e, £ FEOSp FOOF F :
Ty (1) ; F .
" ‘l - r [ - + +
e Z¢ chos9Fcos%, Sosiy choteFtanAFs1m@, r1¢1tanAF
2 (6.48)
\
3
g
‘-
2
o 51
>
.‘ |
4 3
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L Here, 6F= GP = 6 = 30° is the pressure angle at the point of con-
K
. -
R tact of surface Zl and 22
-(-;}
k. 1
~ Step 2 The transfer velocity Yér) of a point on gear 1 is:
o (1) _ (1) (1)
e ytr - ~(u X —Ff
)
1
5 yit)
o = ot —xgl) (6.49)
' 0
2% Step 3 The direction of absolute velocity V,,  of point M of
fz gear 1 is parallel to the axes of gear rotation Z;IL
Y
o Hence
r (1)
o S %
o abs dt
{ .
5 by ae d¢,
: = (-DFsmchosAF— - 26 tanAstn)\F) T (rltanAF) T
L sin“6.
(6.50)
dGF d¢ (1)
- Here: T =0 and-az—-= w . Therefore, we have:
.."-w O
e
._"T. v(‘l) = O
20 abs
A (1)
- l.rr~ tanip (6.51)
- _ . (1) .
hE Step 4 The relative velocity vy of point M of gear 1 is:
;%ﬂ (yé” is tangent to the helix of gear 1)
a':::_
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(1) (Ly_ (1) K

Ver Y Vr T Vabs '
(1) = (1) _ (1)
Yr Yabs Ytr

(1) ]

_ ) (1) ‘

= xf .

ritanie (6.52) 3

(2) 4

The velocity v of the motion over surfaceizxnay be determined by

r

using the following equations [5]:

(1) (1) _ _(2) (2) 4
oo Y YNy % 0t Y% (6.53) 3

Equation (6,53) yields

I R IR R oo

where viz)is the relative velocity of the contact point M of gear

2; v(lz)is the sliding velocity expressed in equation (6.7). )

Example 6.1: Relative Velocity of Motion of the Contacting b

Ellipse Over the Gear Tooth Surface P
_ The rack cutter and gear nominal parameters are the same o
:ﬂf as given in Example 4.1. 0
e (1) We may determine the relative velocity in the motion of .
;:L the contacting ellipse over the gear tooth surface I; by using |
[N 3
;&i equations (6.1) - (6.46). Then we obtain X; and X,, thus )
¢
ﬁfi
ATs X
%! viD = %2 + x3)% = 12.06574 oV :
Y r 1 2 )
f:f and ¢ = 16.1479° is the angle formed by Vél)and axis Zél). 3\
Ve - \
ko >3
hd )
b:.'~'r 4!
it s e e e o e e e e e R e . g
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1

Pd
P

W

(2) By using eguations (6.48) - (6.52) to solve V;l), we

i

s obtain

-'\::

N (1) _ (1) _ (1) (1)
Yr ~abs Ytr = 12.06706 w

{3) From equation (6.54), we have

» e Ty

' »
-

)

»
.

v£2’= 11.99259 ¢ (1)

(2)

and § = 14.8674° is the angle formed by V| (2)

f

Note: Due to a lot of computational procedures and matrix

and axis 2

transformation for approach (1), there is a small difference

.I '.h
b
I

between the approaches (1) and (2), and approach (2) is ketter

than approach (1).

7 Computer Aided Simulation of Conditions of lieshing

We simulated the conditions of meshinc of gears, which have
some errors, using the equations of continuous tancency of gear tooth
surfaces. We set up four coordinate systems: Si and S,, rapidly
connected to the cears and S, and Sf¢, rigidly connected to the
frames. By using the coordinate transformations from S; via Sh
to S¢, we may represent the equations of the surfaces Zi(i =
1,2) and its surface normal in coordinate system Sg.

The conditions of continuous tangency of gear tooth surfaces

Z1 and I, are represented by the following equations [5,6]:

2 (1) _(2)

e {f (6FI ¢1r Ul) - Ef (epl ¢21 Uz) (7.1)
e

4l

oy (1) , L (2) \
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Equation (7.1) expresses that surfaces I; and I, have a common ]
point determined with the position vectors r(l)and r(z) At

~f . 'i‘
Equation (7.2) indicates that surfaces I and I; have a common unit '

normal at their common point. Equations (7.1) and (7.2) when
considered simultaneously yield a system of only five independent
equations, since [gél)l = l9(2)1= 1. These five equations

relate six unknowns: GF, ¢i, ¢q. ep, ¢2, ¢é, and thus one of these

unknowns may be considered as a variable.

8 Influence of Manufacturing and Assembly Errors, and Adjustment
of Gears to the Errors

(i) Change of Axes Distance

Fig. 8.1la and Fig. 8.1b show that the operating center
distance C' is not equal to the sum of the radic of pitch
cylinders in this case; Thus C' # r; + r,. Considering the gear
tooth surface I and its unit normal n,, and gear tooth surface i,
and its unit normal n, are represented in the coordinate systems
S, and Sy, respectively. We may represent I; and nj (1 =1,2) in

the coordinate system Sg using the following matrix equations:

cos ¢! sin¢; 0 0 v
- - 3 -l A

[Mfl] 51n¢1 COSyl 0 0 4
0 0 1 0 4
o
0 0 0 1 .
— - [Ny
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Fig. 8.1

(a)




M

"‘ J‘ "j ‘,l}l i

cos¢>2 -51n¢é 0 c' ]
[ Mfz] = 51n¢é cos¢é 0 0
0 0 1 0
L 0 0 0 1 |
. (8.2)
(1)] _
and [nf ] [Lfi][ni]
where: [ cosﬁ sinq' 0 1
[Lfl}z —s1nq cosq 0
0 0 1
L .
r t 1 ' 0 i
cosq;2 —s1n¢2
[I,f2]= 81n¢é cos¢é 0
0 0 1
- -4

ci and ¢é are the angles of rotation of the gear in mesh with
the mating gear, while¢1 andq)2 are the angles of rotation of gear
1 and gear 2 in mesh with the corresponding rack cutter,

Using equations (8.1), (8.2) or (I.9) - (I.14) and (7.1),

(7.2) yield the following procedure for computations:

T T wr

Step 1: Using equations A;g = #fg , we obtain
coschos)\F = cosePcos)\P (8.3)
57
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Equation (8.3} with2A AP = A yields that
GF = 6P= 0 \8.4)
. . 1 2 1 2 2
Step 2: Using equations Ay; = éy% ' yé ) = ¢f) and J%) = éf) ’

we obtain the following system of three equations in three

unknowns ( © r My andu2 }e

sinesinp1 - cosesinxcosu1= —sinesinpz— cosesinACOsz (8.5)
) , _ . . _ . . + . . -
(PF51n6 bF) (singsiny, c09651nAc05p1) r1s1n851np1
- (g5sindg - (sinfsinp + cos6sinicosy ) + r singsiny (8.6)
b fp) 2 2 2 2
X i - i + i i + 1 =
(pF51n6 bF) (51nec05p1 coseslnA51nul) r1s1necosul
(o ps1n6 - bp)(51n6c05p2 - c05651nA51np2) - rzsmecosu2 +
C'sing (8.7)
trere: C*' = ry + r, + AC and AC is the change of center distance.

The solution to these equations for g, pland pzprovides con-
stant values whose magnitude depends on the operating center dis-
tance C' only (the change of the center distance, AC). The loca-
tion of the center of the contacting ellipse is detemined by 6 (AC).
Thus, the bearing contact also depends on AC.

We may check up the solution to equations (8.5), (8.6) and

. . (1) _ .(2) : : 5
(8.7) using the eqguation nxf nXf which yields p

sinecosul + cosesinxsinp1 = SiﬂGCOsz— cosesin)\sinu2 3
»
Step 3: Knowing g, we may determine the relation between para- ¢!
o .
Cal «
»
J'\ -
2 3
o, )
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meters ¢;and ¢,using equation é%) = z&?)which vields

ap

(. § i
op cOos Bcos A oS chotetanA51nA + rl¢ltanA

ap

. -+ i
ppcosecosx oo chotetanA51nA + r2¢2tanx (8.9)

Equation (8.9) provides a linear function which relates ¢1and ¢2

since 6 is constant.

. ;"
» f‘.

Step 4: It is easy to prove that since AT and p2have constant
vclues, the angular velocity ratio for the gears does not depend on

the center-distance. The proof is based on the following

3 g & o ]
o "-,‘-."‘.Ax,‘.

considerations: (1) Equation (8.9) with 8 = const yields that

dey _ 12

r1d¢1 = r2d¢2 and—aaz-— EE-; (ii) Since W= ¢1- ¢£and Wy= ¢2 -

o4 'l' ‘L-' :51

¢é are constant, we obtain that d¢i= d¢1, d¢'

5 = d¢2,and

iy
3 l. r
It

Prd

AN N

3 >

=AY

Step 5: It is evident that since e,ul and pzhave constant
values, the line of action of the gear tooth surfaces represents,
in the fixed coordinate system Sf, a straight line which is
parallel to the z, - axis. We may determine the coordinates xéi)

and yéi)(i = 1,2) of the line of action using eqguations (I.9) or

1%

(1.12)(see Appendix I). The location of the instantaneous point

Pl

[t W'

of contact on the line of action may be represented as a function

L
“ass

of ¢i:

L e o

"Wl
2 3

P

HE* o .

%
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L]

Q) (1 _ ap . :

& 2 = Ofcosecosx abrrves + chot6tanA51nx + rl(pl + ¢1)tan)

B

: N
N Step 6: We may also derive an approximate equation which relates

" 6 and the change of the center-distance, AC. Since 'S} and pp are
small, we assume cospj = 1 and sinu; = 0 in equation (8.7). We ;

then obtain

X~
- ]
e p.sing - b_ + r. = p_sin® - b, - r, + C' .
o F PP P2 (8.12)
) ()
o where C° = r, + ry+ AC .
;j Equation (8.12) yields
n:\: N
g . 6C + by - by (8.13) .
— sing = _— - .
°F P
.. .
,c -
J‘_;
4
:ﬁ The nominal value of 8° which corresponds to the theoretical f
NS .
k.- value of the center distance C, where C = r, + r,, is given by -
£ . "
J .
::. bo — bO ':
~ )
- sing°® = —E——~—% (8.14) -
N P = P
< F P :
5 .
L
¢l_‘ ‘.
fg Compensation for the Location of Bearing Contact Induced by AC r
23 R
i4 The sensitivity of the gears to the change of center .
e ’
. 1 distance, pAC, may be reduced by increasing the difference oF-pPl- -
L" < Ry
e However, this results in the increase of contacting stresses.
o The dislocation of the bearing contact may be compensated .
N L . X
9 for by refinishing of one of the gears (preferably the pinion) v
T ~
N N
.‘;ii :
'\;, o
60
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with new tool settings.
Consider that ©° 1is the nominal value for the pressure
anqle; b; and b; are the nominal values for the machine settings
and .°%,7°%°are the nominal values for the radii of circular arcs.
These parameters are related bv equation (8,14). The location of
the hearing contact won't be changed if the pinion is refinished

with a new tool setting bF determined as follows (see equation

{(8.13):

Change of Machine-Tool Settings bF andbP

The change of machine-tool settings bF and bP causes: (i)
the change of gear tooth thickness and backlash between the
mating teeth, and (ii) the dislocation of the bearing contact.

The most dangerous result is the dislocation of the bearing

contact.

Using similar principles of investigation, we may represent

v v

4,00

the new value of the pressure angle which corresponds to the

LY P R I‘A .
P
. R

e
-t

changed machine-tool settings by using the following equation

rh

L@
v

.-‘.' ]

. S 2 (8.17)
sin. = —g—p

2
’ f
o
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L . ¥
: S S: be o -
x Here bF and bp are the changed settings bF ¥ g bp ¥ bP ’ g
; where b; and b; are the nominal machine-settings; & # €°is the h
-" . ,
: new pressure angle,
" We may compensate for the dislocation of the hearing contact )
- .
= making © = ©°, This can be achieved by refinishing of the pinion hy
A{ with a corrected setting LbF. Similar to equation (5.15) we tf
{2 ohtaln -
:..' - o »
., ., bp - bp +ibg (8.18)
, sins° = ———5
’ F T Fp
” 2
- "
z L
L (i1) Misalignment of Crossed Axes of Gear Rotation A
O t'
- Consider that the axis of rotation of gear 1 is not parallel to +
-\ .
- the axis of rotation of gear 2 and form an angle 4y (Fig. 8.2). The 3
N coordinate transformation from Sy to Sg is represented by the C;
(_ matrix equations tf
> :\’
..: .:
"~ (1)] _ (1) (1)7_ (1, 3
; (] Pl ) (¥ Fn ] (4] S
'.-
:2 where: j_
A —- ,“.-‘
. [ 0 0 0 1 0 c i
L] ’ - '
; [th]— 0 cosly sindly 0 : [LfR]— 0 coshY sindY :;
;ﬁ 0 -sinty costy 0 0 ~siniy cosly -
':: 0 0 0 1 '
- -
@ 5
i -
.f, .
-“' .
5 Using equations (8.19), (1.9)-(1.12) and (7.1), (7.2), we may .
<, .:_-
.ﬁ represent the tangency of surfaces Xland szor crossed misaligned t
s I
_'.';‘_ ;:::
o 62 -
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gears as follows: .

Azcos‘p2 - stinu2 + C = Ajcosiy + Blsinul

(6.20)
-Azsin};2 - Bzcosu2 = (Alsinu1 - Blcosul)cosAY + -
. F .
“ . . ‘ C oA .
('FCOS‘FCOS‘F E_EX%+ chotGFtanAFs1nAF + r1¢ltanXF)s1nA{ .
{8.21) <
W
ut)
(see expressions (I.11) and (I.14) in Appendix 1) ;
a .
C e U : - .
fpeostpcosiy coskp+ bpcot6P51nAPtanAP + r2¢2tanAP -
. . agp L
- } - + : - — 4 £
(Alsmp1 Blcospl)51nAY (;FcoschoskF cosAF '
chotthanszumF + r1¢ltanAF)cosAY (8.22) !
in& T ; i i = i | + i i o
51nvpcosp2 cosCP51nxP51np2 51n8FcosL1 coseF51nAF51np1 (8.23) %
—sxncP51np2- cosGP51nApcosu2= (51n6F51nu1 - coseF51nAFc05p1) N,
e
cosL\'+c056FcosAFsinAY (8.24)
coscpcoskp= —(s1n6F81nu1- coseF51nAFcosul)s1nAy + .}
cos%FcoskFcosAy (8.25) ;?
Fquations (8,20) - (8.25) form a svstem of five independent
equations in six unknowns: GP, 6F, Wby , ¢ 1and ¢2. We remind
that only two equations from equation system (8.23) -(8.25) are ™
independent since‘n(l)'= 1 and‘nézw =1, :i
o
The computational procedure is as follows: (i) We consider §1
equations (8.20), (8.21), (8.24) and (8.25) which form a system -
of 4 equations in five unknowns: 6p 7 €p rlg s U, and ¢ g Fixing in ] ﬁ?

we may obtain the solutions by GF(¢1), ep(¢1),u1(¢l) and u2(¢1);

(ii) U'sing equation (8.22) we obtain ¢ y; (iii) Then, using

A2

the equations

5 U Bt B B S (8.26)
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we can obtain the relation between the angles ¢é and ¢iof gear
rotation. Function ¢é(¢i ) is a non-linear function and its

deviation from the linear function is given by

—

I I e (8.27)

N

Here: b¢ Lyi) represents the kinematical errors of the gear
(

train and ¢

Sy ¢i) and GP (¢i) represent the change of location of

the hearing contact induced by the misalignment of gear axes.

Misalignment of Intersected Axes of Gear Rotation

In the case of intersected axes of gear rotation, two axes
form an angle /7 (Fig., 8.3). The coordinate transformation from

Sh to Sf is represented by the matrix equations:

(01 - [ea] (5] (V] = [ran) [20V] (8.26)

where
cosly 0 -sinby 0 7
[th] -1 o ] 0 0
sinty 0 cosly 0
0 0 0 1
6o
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using equations (8.28), (1.9) - (I1.12) and (7.1), (7.2), we may
represent the tangency of surface Zl and232for intersected

misaligned gear axes as follows:

Azcosgz— stinu2-+c = (Alcosu1+ Blsinul)cosAY -

a
X | _ F . -
(pFCOSGFcosAF EBETE+ choteFtanAF51nAF + r1¢1tanXF)s1nAy (8.29)

-A,sink, - Bzcosu2; Aqsinyp;- B; cosiy (8.30)
P

ppcosepCOSAp"EBEX;

+ bpcot8P51nAPtanAP + r2¢2tanAP =

(A cosp1+ 8151npl)51nLy + (choschosk + choteFtanAF

1 F cosAF
51n>\F + r1¢1tankF)cosAY (8.31)
s1n8Pcosu2 - cosGP51nA951np2 = (51n6Fcosu1+ cosGF51nkF51nul)
cosﬁy-coschosAFsinAY (8.32)

—51n8p51nu2— cosGP51nAPcosu2 = s1n6F51nu1 - coseF51nkFcosu1 (8.33)

_ , . , . o . »
cos@PcosAP (51n6Fcosu1 + cosBF51nXF91nU1)51nAY coJOFccsA cosly

F
(8.34)

Equations (8.29) - (8.34) form a system of five independent

equations in six unknowns: BP, GF’ Hyr By ¢1 and ¢2. Only

two equations from eqgquation svstem (8.32) - (8.34) are

independent. The computational procedure is the same as we

discussed before.

Compensation for the Location of Bearing Contact Induced by the

Gear Misalignment
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The dislocation of the bearing contact induced by
misalignment of the axes of gear rotation may be compensated for
by the change of the lead angle XF(or XP). This can be done

technologically by refinishing of the pinion.

Example 8.1: The Influence of Change of Axes Distance

Given: the rack parameters (see Fig. 2.1 and Fig. 2.2); the
gear parameters: No. of teeth N1 = 12, N2 = 94; lead angle AF = AP
= 75° nominal pressure angle 8°= 30°; normal diametral pitch Pn =
2; nominal axes distanceC=27.43482 in.;change of axes distance
LC = 0.021 in. Due to the change of axes distance the new value
of the pressure angle 6 is: (i) 6 =12.82082° (exact solution
provided by equation system (8.5) - (8.7)); (ii) 6 = 12.70903°
(approximate solution provided by eguation (8.13))

The compensation for the dislocation of bearing contact is
achieved by the new machine setting bE‘= b2, -0.021 in. which

F
provides 6 = 6°= 30° although ¢ = C° + AC.

Example 8.2: The Influence of Misalignment of Crossed Gear Axes

The rack and gear nominal parameters are the same as shown
in Example 8.1. The misalignment of crossed gear axes is given
by Ly = 0.1° (Fig. 8.2). The kinematical errors A¢é and the
change of €p and Gp are given in Table 1.

The compensation of kinematical errors is achieved with the

change of the lead angle of the pinion XF= 75.10° (AAF = 0.10°).

The kinematical errors after compensation are given in Table 2.

n
3

«

'_t‘! e e A2

v T




Table 1. Kinematical Errors Table 2. Compensated Kinematical

Errors
8! fp ®p (seégéds) °y | op (ségénds)
~20° | 32.2603°| 31.6606°| 59.88" ~20° | 29.9988° | 29.9989°| -0.00"
-10° | 32.2610° | 31.6613°] 29.94" ~10° | 29.9996° | 29.9996°| -0.00"
0° | 32.2613° ) 31.6616°]  0.00" 0° | 29.9999° | 29.9999°|  o.00"
10° | 32.2613° | 31.6615°| -29.94" 10° | 30.0000° | 29.9995°| -0.00"
20° | 32.2609° | 31.6611°] -59.89" 20° | 29.9996° | 29.9995°| -p.00"

By using the proposed method of compensation we could reduce sub-
stantially the kinematical errors induced by the misalignment of

crossed axes of gear rotation (kinematical errors approach zero).

Example 8.3: The Influence of Misalignment of Intersected Gear
Axes

The rack and gear nominal parameters are the same as shown
in Example 8.1. The misalignment of intersected gear axes is
given by 4y = 0.1°(Fig. 8.3). The kinematical errors A¢é and thco

change of GF and 8_ are given in Table 3. The compensation of

P
kinematical errors is achieved with the change of the lead angle
of the pinion XF = 75.06°(A>\F = 0.06°). The kinematical errors

with compensation are given in Table 4.

Table 3. Kinematical Errors Table 4. Compensated Kinematical
Errors
Ad! At

3! eF eP (seco%ds % 3 eP secofids)
~20° 38.1358° ) 37.7508° 42.57" -20° 37.1275° | 37.0376° 5.17"
~10° 34.7987° | 34.4138°] 19.98" -10° 33.5327° | 33.4847° 1.21"
0° 31.5911° { 31.2063°) ~0.00" 0° 29.9883° | 29.9898° 0.00"
10° 28.4910° | 28.1062°{-17.65" 1Q0° 26.4191° | 26.4823° 1.30"
20° 25.4817° | 25.0969°)-33.19" 20° 22.6873° | 22.8334° 4.98"
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%
3
' By using the proposed method of compensation, we could reduce the
kinematical errors induced by the misalignment of intersected
axes of gear rotation.
9. Computer Aided Simulation of Bearing Contact (With Computer
Graphics)
We simulated the bearing contact of gears by setting up two
coordinate systems: Sl and SZ’ rigidly connected to the gear 1
(pinion) and gear 2, respectively (Fig. 3.1). Due to the
computer graphics system, the figures showed in this section are
two dimensional computer graphics.
Fig. 9.1 showed the normal crossed section of gear 1
(pinion) in coordinate system 84 (Fig. 3.1 a), there are 12
teeth on the gear 1. We simulated gear 1 by considering the
eqgquations (3.6) - (3.12), the X, and Yy, axes are the axes of
"< symmetry of the normal section. As we discussed in Chapter 3,
Eg it is important to mention that the normal section of the "fillet"
& of gear 1 can be simulated by using the same equations which we
; simulated the normal section of the working part and substituted
g Cpr GF, bF and ap by péf), eéf), béf), and aéf) in equations
N (3.6) - (3.12).
@

Fig. 9.2 showed the normal cross section of gear 2 in

coordinate system S, (Fig. 3.1 Db), there are 94 teeth on the
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gear 2, We simulated gear 2 by considering the equations (3.16)
- (3.21), the X 5 and Yy, axes are the axes of symmetry of this
normal section. As we mentioned above, the normal section of the
"fillet" of gear 2 can be simulated by using the same equations
which we simulated the normal section of the working part, and

then substituted ¢ ] b and ap by &f), eg”, tﬁg) and a;f)

p’"p’ P
in equations (3.16) - (3.21)

Fig. 9.3 showed the front view of gear 1 and the orientation
of contacting ellipse of bearing contact when the center distance
did not change. It should be mentioned that the size of
contacting ellipse showed in Fig. 9.3 depended on the value of
elastic approach £ . Also, the contacting ellipses showed here
was a side view (the projection on x - z plane). Fig. 9.4 showed
the same case for the gear 2.

Fig. 9.5 showed the bearing contact of gear 1 due to an
increased of center distance 0.02 inches. Fig. 9.6 showed the
same case for the gear 2. From these two figures, we found that

the size and magnitudes of two axes of contacting ellipse are
changed a lot, this prove that circular arc helical gears are
very sensitive to the change of center-distance.

Fig. 9.7 showed the bearing contact of gear 1 due to the
misal ignment of crossed axes of gear rotation for 1.0 degree.

The size and magnitudes of two axes of contacting ellipse were not

changed significantly. Fig. 9.8 shiowed the same case for the agear -.

e

Fig. 9.9 showed the kinematical errors due to the misalignment of

-
¥

crossed axes of gear rotation for 1.0 degree with and without

>
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compensation.
of compensation discussed in Chapter 8,

kinematical errors to approach zero.

10. Conclusion

r, n (e Ay

From this, we prove that using the proposed method

we can cause the

The authors have presented a method of generation of tooth

surfaces for circular arc helical gears, derived the basic

equations which represent the geometry of gears, and proposed a

computer aided method for simulation of
of the bearing contact for these gears.
gears to the change of center-distance,

and to the misalignment of axes of gear

conditions of meshing and
The sensitivity of the
machine-tool settings

rotation have been investi-

y
Is
¢

gated. A technological technique for the compensation of the
dislocation of the bearing contact induced by the above errors

have been proposed.
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12. Gear Tooth Surfaces

Appendix I

Gear 1 Tooth Surface. Substituting subscript "i" by "F" in equa-

tions (2.4) and (2.6) and taking into account that bF > 0,

we obtain:

QFSlneF - bF T

(F) _ ~(choseF - aF)snﬂ\F + chosXF
r. = (I.1)
(oFcoseF - aF)cosxF + uF51n>\F

L 1 4

sing
F

[néF)] _ | -cosépsinig (1.2)

coschos)\F

Eguations (I.1) and (I.2) represent the generating surface

ZF and the unit normal to this surface. We may derive the equation

of meshing using equations (I.1), (I.2) and (3.2) with
F) _ (F)_ (F) _
Xc = 0, Yc = r1¢l, ZC = % (I.3)
where XéF), YéF) and ZéF) are coordinates of the point of inter-

section of the normal to ZF and the instantaneous axis of rota-

tion, I-I (Fig. 3.1, a). We then obtain

fF(uF, GP, ¢1) = (r1¢1- chosAF - aF51nAF)51n6F + 1

) _ (I.4)
chos6F51n>\F = 0




; I;.'
*{ Equation of meshing (I1.4) yields
\::n
o 0> .
- _ T19y — @psindp L} ot _tan) (1.5)
. U, = F F F
) F cosAF
45 Equations (I.1) and (I.5) when considered simultaneously represent ¥
o )
-ﬁ a family of contacting lines on surface ZF. Eliminating Up, we J
) :7-“' ]
i may represent this family of lines of contact as follows: :
|
N i
B> "
Y
j --.' - (F ) - -
e : _ -
o X pF51n8F bF ;
{"J i
y(F) -(pnsinb_, - b_)cotb_sini_, + r.¢
¢ . o = F F F F F 171
o )
--'.- a py
sz Z(F) (p.sinb_ + b tanzx )cotb_cosi, - N + r,¢,tank ]
B L ¢ . 'F F F F F F cosAp 171 F |
pa 3
] (I.6) :
o :
: J Using equations (I.6) and the coordinate transformation from M
)
G (F) .
s S to S, we obtain
h c 1
i .
i) N
- X, = sinf_, - b, + r.)cos + (ppcosf. - b,cotb_)sind.sink -
et 1 = (ppsinbp - bp + ryjcosey + (ppcosby - bpootbp)sing;sintp
. N
- = sin®, - b, + r.)sin - cosf_, - b_cotb_)cosd,sini -
o Y1 = (pp F F 1)sin¢; - flep F F p) oSy F :
- a
9 _ __ % | .
;‘J zy = choschoskF cosAF + choteptanAF51nAF + r1¢ltaan 3
VSO o
s, (1.7) ]
.:-f'. jh
C The surface unit normal is given by A
L4
;ﬁ: 51n6Fcos¢1 + coseF51n)\F51n¢1
o _ . - } : :
zﬁ [nl] 51n8F51n¢1 coseF51n>\Fcos¢>1 (1.8) :
‘PN ;
@ cosf_cosA
'; F F
?:% Using the coordinate transformation from S1 to Sh we oObtain ::
.-“- L]
q;:vu t .
oy 2
o 3
7, :
RN ]
D 5 Q
04
"y
E v'i ‘ - _'r ,':’ P ) ?:.:‘-‘ .:,.:,!h-.{.\w -'.."!'1 NN R T T AT AR AR Y u‘!-\l-..- P T 4.-“..':*'( \:-..( _‘.‘-, S

Sy TR R ) a4 4
LTI AT SO DO B L N o N Y o WA S RO R




(1) .
Xh = Alcosu1 + BlSlnpl

(1) .
yh = A151nu1 - Blcosu1

(1) _ °F
Zy = choschos)F - EBEX; + chotBFtanAFsinAF + r1¢1tanAF

(I.9)

—

51n6Fcosp1 + coser1nAF51nul
= 51n6F41nu1 - cosern.n)\Fcosu1

foschoskF

Here:
A1(6F) = pF51n8F - bF + Iy, Bl(eF) = (choseF - choteF)51nkF,

and My = ¢1 - (I.11)

Egquations (I.9) and (I.10) with a fixed value for ¢i, represent
in the coordinate system Sh’ surface i and the unit normal to
1. These equations with different values for ¢i, represent
in Sh’ a family of surfaces Iy and the unit normals to these
surfaces.

The derivation of equations for gear 2 surface I; and its
unit normal is based on similar considerations. We may represent

these equations in Sy as follows:

(2) _ .
xf Azcosu2 stlnu2 + C

(2) _ _, . _
Y¢ A251nu2 Bzcosu2

a
(2) _ P .
ze ppcosepcosxP cosAP + chotGPs1nAPtanXP + r2¢2tan>\P

(I.12)




51n8pcosu2 - cos8P51nuP51np2

—51n6P51nu2 - COSGP51nAPcosu2

cosGPcosAP

e

AZ(GP) = - = (choseP - chotSP)sinAP,

and u, (I.14)

The nominal value of the center distance is C = r, + r,.
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., List of Symbols -
) -
X (Note i=1,2; 4d =F, P) e
N Y
) k
K. a Half the length of major axis of contacting -
k. ellipse. ~
B o
:- o
:A ay Algebraic values which determine the location o
. of the center of the circular arc. T
- L) o
v Auxiljiary function defined in Eqg. (4.11) g’
WY a3 S
5, W
b N
" ;;) " " Eq. (4.12)
3 L(2) -
3 as] " v Eq. (4.43) .
-~ T
¥ 2(2) Bt
432 " “ Eq. (4.44) w1l
w
- A " " Eq. (5.1) -
v A1 " " Eq. (3.9) 2y
. i
()" A " ) Eq (3 19) w"
K - . . [
= I b
.- '."
‘ . -
3y b Half the length of minor axis of contacting :
' ellipse. ol
o, by a parameter of tool setting ﬁf
N )
< ..::
Y bé Nominal value for the machine settings b
®
N bg” Auxiliary function defined in Eq. (4.13) 3
. +
v b3?) 3
a 3 " " Eq. (4.45) o
LM t
. N
= B " " Eq. (5.1)
- B " " Eq. (3.9)
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, " " . (3.1 .
?: BII Eq (3 9) N
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center of working part of circular arc
rack cutter F

(£)
CF center of the fillet of circular arc
rack cutter F
Cp center of working part of circular arc

rack cutter P

C center of the fillet of circular arc
rack cutter P

D Auxiliary function defined in Eq. (3.9)
G D " " Egq. (3.19)
E " " Eq. (3.9)

:' - " " . .1
o Ell Eq. (3.19)
(1) Auxiliary function defined in Eqg. (4.8),
Eg. (4.46) to compute the principal direc-
tions of surface Ij

g, = Kél)— Kéi) Auxiliary function defined in Eg. (5.1) to

" determine the size of contacting ellipse

g, = Kéz)— K£§) Auxiliary function defined in Eg. (5.1) to

20 determine the size of contacting ellipse

Auxiliary function defined in Egq. (4.9),
"'h Eq. (4.47) to compute the principal cur-
vatures of surface Ij

Qﬂ i§d), ié?) unit vectors along principal direction of
K->t - - surface Zd
)

S (1) (1)

‘. 1 i1 principal curvatures of surface I;

'u’,c-.“.:-:\:.r m=



- 5 ~ 3 .
1, S|
LI T A ) )

1 SIS . . . -
Kj ) o Ké )+ K;I) Auxiliary function defined in Eg. (5.1) T

- (2 2 2 o .

) K )2 (é )+ Kil) Auxiliary function defined in Eg. (5.1)
\

Y

.: [Lij] projection transformation matrix; trans-
™ formation from Sj to Si

Y

"y M point of contact of tooth surface

- [Mi'] coordinate transformation matrix; trans-
? J formation from S. to S.

W J 1

= n(d) surface 4 unit normal

’5 ﬁ;l) relative velocity of the tip of the unit
N b normal vector n.

ﬁ N(d) surface d normal vector

5; P Diametral pitch in normal section
N
i

\j L. position vector represented in the coor-
N ~ dinate system S

' C

e .

N r; Pitch radius of gear i

[y
e
R
>

a1
[t

8.) surface Z; position vector with surface
coordinates (uj, 6j)

v
e s

‘ Sf coordinate system rigidly connected with
- frame
’-
o
<
a S Auxiliary coordinate system h
:- ','5
-
”.f Si‘xi’yi’zi) coordinate system rigidly connected with
1?_ gear i
N
’-. .
f:: S(l) Auxiliary function defined in Eq. (4.10),

.
o

Eq. (4.48)
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xr
N
S uy generating surface coordinate
Ao
‘:n-'-;
» (1) ; i
NSV Vaibs Absclute velocity of the point on the
- surface Ij
s
,-.:_. v ( 12 )
o ~f Relative velocity represented in coordinate
- system S¢ of a contact point on surface I3
with respect to contact point on surface Ij.
.\‘ - v ( 1 )
' :& <r Relative velocity of contact point on surface
4"‘.- Z l
A7 |
: véi) Transfer velocity of contact point on surface r
Y = 2 i
o L (1)
gL <1 Transfer velocities of points on surface
,?g' Z; in coordinate system 1.
? %
‘ v(21)
~1 Relative velocity of point 2 with respect to
point 1 ( (21)_ _(2)_ (1))
vy vy vy
a Angle of the orientation of contacting
e%iipse measured from axis n to the unit vector
ill)
~I
AC Change of center distance (inches)
2y misalignment of gear rotation axes
£ Approach of surface Ij and Ij
Lo Nominal value of the pressure angle
6d pressure angle of gear d
9. variable parameter which determines the
L location of a point on circular arc gear i
b0
D™ . .
o S helical gear i lead angle
A < 1
¥y e’
. %
v
' :,-E.
A '
) 90
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1 +
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P S

Auxiliary function
Auxiliary function

Radius of working part of circular arc
rack cutter d

Nominal value for the radius of circular
arc

Radius of fillet of circular arc rack
cutter d

generating surface d
generated surface of pinion and gear

Angle form by principal direction of
two surfaces measured from ifl) to }{2)

and positive angle for counterclockwise

to the unit vector

Angle measured from iéF)

(1),

iy 0 positive if counterclockwise

Angle measured from i(P)to the unit vector

1(2)

1 i positive if counterclockwise

gear i rotation angle in mesh with the
corresponding rack cutter

gear i rotation angle in mesh with the
mating gear

kinematical error function defined in
Egq. (8.27)

pressure angle

gear i angular velocity
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